A previously developed formalism to interpret the beam broadening due to multiple small-angle scattering of a collimated beam of radiation in condensed matter is extended to treat the case of nonspherical scattering particles or pores. The new formalism concerns the situation where coherent single-particle scattering is incoherently, or stochastically, compounded by a random system of spheroidal particles, of any given mean aspect ratio, in a uniform matrix. By appropriate transformation of axes to reflect a spheroidal particle symmetry, Bethe's analysis of scattering when the sample thickness greatly exceeds the scattering mean free path is combined with the dynamical analysis of single-particle scattering to model the beam broadening arising from a system containing nonspherical scattering objects. For the range of experimental parameters used in practical small-angle scattering studies of technological materials such as porous ceramics, it is shown that, while the previous formulation suffices for spheres, globules and even short capillary pores, the variation in beam broadening as a function of incident wavelength exhibits distinguishable signatures for systems in which a collapsed planar or extreme capillary scattering morphology predominates.
Introduction
Small-angle scattering (SAS) is an important technique for the statistically significant characterization of microstructural parameters in technologically important materials. Although the range of SAS studies using either neutrons (SANS) or X-rays (SAXS) extends from 10 to IO00A, the relevant structures in many physical systems, such as partially sintered ceramics, cannot readily be studied. This is because the usual approximations underlying SAS (c ~, 1994 International Union of Crystallography Printed in Great Britain -all rights reserved studies are not valid for the larger sizes and more concentrated microstructures encountered in these materials. To perform SANS or SAXS characterization of high-technology materials as a fimction of, for example, thermal processing, it has become increasingly important to extend the range of particle-size determinations up to ,-~ 10 lain and to be able to include the analysis of thicker samples and more concentrated microstructures, in which the SAS is dominated by multiple-scattering effects.
In previous work (Berk & Hardman-Rhyne, 1985 , 1988 , one of us (NFB) has shown how a combination of Bethe's analysis of multiple scattering (when the mean free path is much less than the sample thickness) with the dynamical theory of small-angle scattering can be applied to obtain a scaling relation between the multiple scattering intensity at arbitrary phase shift and the multiple scattering intensity in the diffraction or small-phase-shift regime. A formula was derived for the curvature (broadening) of the scattering profile at zero magnitude of the scattering vector Q, which describes this scaling and which can be used in multiple small-angle scattering (MSAS) studies of broadening versus wavelength to obtain particle size determinations. Although this formulation was explicitly concerned with the incoherent multiple scattering from a randomly distributed population of uniform spheres, a number of successful experimental studies (Hardman-Rhyne & Berk, 1985 Hardman-Rhyne, Frase & Berk, 1986; Long & Krueger, 1989; Krueger, Long & Page, 1990 Long, Krueger, Gerhardt & Page, 1991) have utilized this method in the interpretation of multiple small-angle neutron scattering (MSANS) data from sintering ceramic systems. Indeed, such materials seem to be one major area of application of the method, the lam pore sizes and concentrated nature of the pore population having seriously limited the information obtainable in 879 earlier conventional small-angle scattering studies of ceramics (see Pizzi, 1978) . The formulation is also applicable to multiple small-angle X-ray scattering (MSAXS) analysis.
While the assumption of spherical features giving rise to the single-particle scattering has been found empirically to be adequate when the scattering features are globular or cylindrical in shape, electron microscopy and other characterization methods show that, in many materials of technological interest, planar or needle-shaped features may dominate. It is therefore necessary to extend the existing MSAS formulation and the purpose of the present paper is to present such an extension, which treats MSAS arising from eccentrically shaped scattering features, so that all scattering morphologies can be characterized. Symmetry limitations of the mathematical formulation used have led to the assumption of a spheroidal particle shape of arbitrary aspect ratio to model eccentrically shaped features. While a spheroid (or ellipsoid of revolution) is still an idealized shape, MSAS is characterized mainly by the orientational distribution of particle dimensions, not by the detailed shape of the surface. Our results indicate that a spheroidal-particle-shape assumption is sufficient to model the MSAS in most situations of interest. As discussed by Berk & Hardman-Rhyne (1985 , 1988 ), measurements of the particle (or pore) surface area from the Porod scattering can be used to determine more information concerning particle shape and size distributions.
In §2, the germane work in the field is briefly reviewed and the new formulation presented in detail. In §3, computational results arising from the new formulation are described. In §4, the implications and impact of the new work on experimental studies are discussed. Conclusions are drawn in §5, while some remarks concerning the effects on the results of particle size distributions and extreme planar particle shape are made in the Appendices.
Theory
There is a considerable progression of work in the literature dealing with multiple-scattering phenomena relevant to small-angle scattering applications. This literature has been reviewed in detail in a previous paper (Berk & Hardman-Rhyne, 1988) , with particular emphasis on the conceptual and functional relationships that unify contributions over many years. A chronological list of relevant references would comprise: yon Nardroff (1926) , Van de Hulst (1946 ), Fernbach, Serber & Taylor (1949 , Snyder & Scott (1949) , Weiss (1951) , Bethe (1953) , Perret & Ruland (1971) , Schelten & Schmatz (1980) and Berk & Hardman-Rhyne (1985 , 1988 . The present analysis deals with the scattering from eccentrically shaped particles or pores, which we assume to be structureless and randomly oriented and distributed throughout a uniform matrix and for which the multiple scattering from successive particle encounters sums incoherently. We also assume initially that the particles are monodisperse in both size and shape.
A suitable starting point for the current analysis is Moliere's theory of multiple scattering in the form of the transport equation used by Bethe (1953) , to describe the profile of a radiation beam passing through condensed matter. This profile is derived by considering how it changes with increasing sample thickness owing to out-scattering and in-scattering contributions at each value of the scattering vector Q. Although formulated in terms of the angular beam profile, it is convenient for small-angle-scattering applications to rewrite this equation in terms of the magnitude Q of the scattering vector [where Q = (4rc/,;3 sin (tp~/2), tps is the angle of scatter and 2 is the wavelength of the radiation], the particle radius R, the incident wave vector k ( = 27r/2), a dimensionless parameter ~ and the mean number of scattering events 5. For a finite radiation path, which for MSAS is close to the sample thickness %, the apparent beam profile as a function of Q is given by
where do(x) is a Bessel function of zero order. For spherical symmetry,
Note that q(0 contains all the single-scattering cross-section information in a (Q, v) , which is the mean differential small-angle scattering cross section of one scattering particle (or pore), and a is the corresponding total small-angle scattering cross section. The phase change v between scattered radiation and the unscattered beam can be parameterized by the path length across the particle diameter, 2R:
where Ap is the difference between the mean scattering-length density within the scattering particles and that outside in the surrounding matrix. While in previous work spherical scattering particles were assumed, Bethe pointed out that, provided the differential scattering cross section is randomly averaged over all orientations of the scattering vector Q, (2.1) and (2.2) are valid for any randomly averaged form of o' (Q, v) . When the multiple scattering 5 is small, these equations give two components for the beam profile: the single-scattering limit for the 880 ANALYSIS OF SMALL-ANGLE SCATTERING DATA small-angle scattering and the delta function at Q = 0 for the unscattered beam. In this case, correction of SAS data for modest multiple-scattering effects has been discussed by Perret & Ruland (1971) and by Schelten & Schmatz (1980) . Here, we are concerned with the situation where multiple scattering dominates the beam profile. The multiple scattering can be determined from
where n is the number density of scattering particles, q~ is their volume fraction and Vp is the particle volume. Requirements in using (2.1)-(2.4) are that (r(Q, v) can be accurately formulated in terms of Q, the particle dimension R, the phase difference v and a single-particle normalized impact parameter ~ in such a way that the integrals are solvable with reasonable computational requirements. In previous MSAS work on spherical scattering particles (Berk & Hardman-Rhyne, 1985 , 1988 , the expression for tr(Q, v) was based on incorporation into the MSAS formulation of the full dynamical theory of small-angle scattering, as derived by Van de Hulst (1946) and Weiss (1951) , so that the relative contributions of diffraction (Fernbach, Serber & Taylor, 1949) , which dominates for smaller particles with v << 1, and refraction (von Nardroff, 1926) , which dominates for larger particles with v >> 1, could be determined and explored. The work of Snyder & Scott (1949) was also shown to be significant in revealing how the precise functional variation in a (Q, v) at intermediate and large Q values (for example, Porod scattering) cannot be neglected in considering the beam-broadening effects at small Q, as a function of wavelength. In the notation defined above, the expression obtained for spheres is [v(1-~2)]1/2 is the effective phase difference (for scattering) by a sphere when the normalized impact parameter is 3. The locus of impact parameters associated with the same scattering phase difference v is a circle, as illustrated in Fig. 1 . Integration of (2.5) over all orientations of the scattering angle gives the total cross section:
These equations, (2.1)-(2.8), are exact for spheres for all v provided that kR >> 1. In the limit of v << 1, (2.5)--(2.8) reduce to the well known diffraction-limit expressions for small-angle scattering from a sphere (Guinier & Fournet, 1955) .
It has been shown (Berk & Hardman-Rhyne, 1988 ) that for spheres the distinction between diffractive (v << 1) and refractive (v >> 1) MSAS broadening tends to be suppressed when ~ is large. It might be supposed that, for eccentrically shaped particles, it is only necessary to write tr(Q, v) for the appropriate shape function in the diffraction limit, as discussed by Shull & Roess (1947) and Roess & Shull (1947) . However, for eccentrically shaped particles, there are three reasons why it is important to take the phase effect into account: (i) careful measurements of the MSAS broadening with wavelength will show some refractive effects as v increases; (ii) there may be a strong orientational variation of the cross section and the phase-difference parameter across the particleshence, some directions of Q give markedly more multiple scattering than others (i.e. the high-2 condition may not be fulfilled for all orientations with large effective v); (iii) as we show below, effects (i) and (ii) combine to give discernibly different variations of the MSAS broadening with wavelength for some scattering morphologies. In extending the MSAS formulation to eccentrically shaped particles, the correct orientational variation in Q and phase difference must be incorporated into the differential small-angle scattering cross section tr (Q, v) for the specific orientation of Q. This must then be averaged to obtain (o'(Q, }'))ORIENT, which can then be substituted into (2.1) as o'(Q, v). In the diffraction limit, derivation of o'(Q, }') is accomplished by transforming the coordinate system in such a way as to recover spherical symmetry and then applying the appropriate transformation of parameters, limits and the Jacobean volume-element matrix in the orientational averaging integral. This approach was originally utilized by Patterson (1939) to treat X-ray Bragg diffraction from small crystalline grains with nonspherical shapes. It was subsequently utilized by Shull & Roess (1947) as well as by later authors for determining the small-angle scattering form-factor functions (in the diffraction limit) for various scattering-particle shapes.
Unfortunately, for many particle shapes, it is not possible by transformation of coordinates to simultaneously recover spherical (circular) symmetry in both (i) the projection of the particle shape onto a plane perpendicular to Q and (ii) the relationship of the path (phase) difference, between incident and scattered beams, to a normalized impact parameter ~. However, as is illustrated in Figs. 2(a) and (b), one form of the particle shape that does satisfy this criterion is the entire family of spheroids (from extremely oblate 'buttons' to extremely prolate 'needles'), provided that the single-particle cross section is calculated separately for each orientation of the spheroid with respect to Q and then averaged incoherently over all possible orientations of Q. Applying the methods of Patterson to transform (2.1)-(2.8) results in the following relations for scattering spheroids of general aspect ratio fl:
where the spheroid has radii R o, Ro and flRo and q(() is given by In (2.10), we have found it convenient to follow the convention of and have divided the single-particle cross section into its three component functions, GI((, Vo), G2((, Vo) and G3((, Vo). In our present derivation, G1, G2 and G3 must contain the integrations that average randomly over all orientations of the spheroid with respect to Q. 
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Therefore, their defining equations are given by
where given spheroid orientation defined by X, can be expressed in similar manner to (2.6):
where ~ is a single-particle normalized impact parameter for orientation X of the spheroid. Note that
is the effective phase difference (for scattering) by a spheroid when the normalized impact parameter is ~ and the orientation with respect to Q is given by X. The locus of impact parameters associated with the same phase difference between the scattered and unscattered beams (and the same value of ~) is an ellipse, as illustrated in Figs. 2(a) and (b). The aspect ratio lies between unity and fl, depending on the value of X, and is the same as that of the projection of the spheroid onto a plane containing Q and the axis of rotation between Q and the fir 0 axis of the spheroid.
Comparing (2.10) with (2.12)-(2.14), we deduce that
(2.17) The integrand of (2.17) represents the single-particle cross section, a(Q, Vo), for a given orientation x of the spheroid. This can also be written, following Berk & Hardman-Rhyne (1988) , as a power series in the phase-shift parameter Vo: 
for a randomly oriented spheroid (Roess & Shull, 1947) . To complete our discussion of the single-particle small-angle scattering cross section, it is helpful to collect here the different equivalent expressions for the single-particle form factor fa(Q, Vo) of a spheroid with arbitrary aspect ratio fl and orientation X [where
These different forms of fa(Q, vo) are useful for computational purposes, for determining the limiting behavior of the cross section and for determining the total cross section ax for a given orientation of the spheroid X. Equation ( 
(2.21)
The average total cross section for all orientations of the spheroid is given by 
(fl_ 1)
For fl = 1, (2.23a) and (2.23b) reduce to their values for spheres" (VoZ/2) and 2, respectively (see Berk & Hardman-Rhyne, 1988 ). Fig. 3 shows that the crossover from diffractive to refractive behavior, which occurs for spheres between v o = 2 and Vo = 5, occurs at larger v o for oblate spheroids (mean dimensions less than 2Ro) and at smaller v o for prolate spheroids (mean dimensions greater than 2Ro). These effects are also manifested in Fig. 4 , in which the variation in total small-angle scattering cross section is plotted versus fl, relative to the cross section from a sphere with the same radius of gyration R o,
and specified values of Vo. This curve is of interest
half-width of the single-particle small-angle scattering curve in the small-Q Guinier (QRq < 2.5) regime (Guinier & Fournet, 1955) . Whereas, in the diffraction limit, slightly prolate spheroids (fl = 1.173) give the maximum cross section, this is not so when refraction is significant (v o = 5 and 10), where 
.... ening for specific cases of interest (and also solve the reverse problem of determining R o for a given fl from the MSAS broadening). For prolate spheroids, the computational methods need to be modified to produce tables for q(0 over the range 0 < ( < 2fl and the upper limit of significant interest in the integral in (2.9) must be extended from 2 to 2ft. Fig. 5 presents examples of the real-space function q(() for selected values of fl and Vo. In the previous work on spheres (Berk & Hardman-Rhyne, 1985 , 1988 , a mesh size in ( of 0.006 was used. In the present case, the orientational averaging imposed computational limitations requiring this mesh size to be coarsened to 0.02 for oblate and mildly prolate spheroids and to 0.05 for more prolate spheroids 
Experimental requirements and computational results
In MSAS studies, the principal quantity obtainable is the mean particle size giving rise to the scattering. For spheroids of given R, this is sensibly parameterized by the mean value of R o. Choice of fl must be made from independent diagnostic information (e.g. electron microscopy), from single-scattering SAS measurements of the Q-4 Porod scattering or, in some cases, as discussed below, from the characteristic variation of the broadening with 2. While it is possible in principle to model W(QRo, zs) directly, this must be done at each incident 2 studied and the profiles compared to derive Ro unambiguously. Berk & Hardman-Rhyne (1985 , 1988 utilized earlier work by Snyder & Scott (1949) and Bethe (1953) to show how the variation in the MSAS broadening width with 2 is in fact the experimental variable from which R o can be optimally derived. The width of the MSAS broadening is related to the radius of curvature of the one-dimensional scattering profile at Q = 0, r c, which is the most tractable theoretical parameter in the analysis and is defined by
where _W"tnRxz 0, zs) denotes the second derivative of W with respect to Q(r c in units of Q) or the second derivative of W with respect to QR o (r c in reduced dimensionless units).
Experimentally, W"(QRo, L) is not reliably measurable at Q --0 because of noise in the data but r c can usually be well obtained by fitting the scattering near Q = 0 with a Gaussian or other function that is parametric in r~ (Berk & Hardman-Rhyne, 1985) . For a Gaussian in particular, r c is given by
where FWHM is the full width at half-maximum of the fitted Gaussian. Effects of the instrumental resolution can usually be treated by assuming Gaussian shapes for both the small-Q scattering (giving r,,ea~ured) and the incident-beam (giving rcbeam) profiles. Then, the corrected radius of curvature of the sample (re,amp,e) can be obtained from 2 2 2 (3.3)
rcsampl e ~ rcmeasure d --rcbea mEquation (3.3) implies that simple use of the central limit theorem, assuming a convolution of Gaussian profiles, suffices to apply the small correction to the MSAS measurement needed for the finite width of the incident beam.
It is important to remark that fitting the data near Q = 0 to a Gaussian, for the purpose of measuring re, does not mean that the MSAS profile theoretically has a Gaussian shape. As Synder & Scott (1949) emphasised, the Q-4 behavior of the single-particle cross section (due to Rutherford scattering in their work) defeats the usual arguments leading to the prediction of Gaussian multiple scattering, not only at large Q but over the entire Q range. Often, the multiple scattering in some neighborhood of Q = 0 appears to be Gaussian. Several factors contribute to this perception, which is frequently sufficient to allow a Gaussian profile to be used as a caliper for extracting re. First, any scattering curve with finite radius of curvature at the origin may be fitted by a Gaussian to some degree of acceptance. Second, instrumental resolution and scattering statistics make the true shape near Q = 0 difficult to determine exactly. Third, the theoretical deviations from Gaussian behavior near Q = 0 are relatively subtle and mainly affect the relationship between rc and the model parameters. However, knowledge of this relationship is vital for interpreting the measured curvature of the data in terms of the morphology of the scattering medium. Mazumder & Sequeira (1992) have argued that the usual transport approach to incoherent multiple scattering has to be modified when the mean free path (MFP, where MFP = zs/~,) between successive scatters is small enough to be comparable to the large dimensions of the scattering particles encountered in the disordered microstructures of interest. This condition cannot occur in the limit of :? << 1, when MFP >> rs by definition. As Mazumder & Sequeira point out, taking into account this 'statistical nature' of the medium does not have a significant effect when >> 1, where any interparticle interference information would be lost. This effectively leaves the range of practical concern at ,-, 0.5 < z? < --~ 5. The parameters listed below in our discussion of the experimental range of interest in MSANS and MSAXS studies show that MFP is much larger than the particle dimensions present when :~ is in this intermediate range. Where MFP is comparable to the particle dimensions, we always find ~>> 1. The basic reason is that the single-particle total small-angle scattering cross sections are small (because of small IApl for neutrons and small 2 for X-rays). The statistical nature of the scattering medium, in the sense discussed by Mazumdar & Sequeira, might be important for ultraviolet-or visible-light scattering or for other beam interactions where the Born approximation is less applicable (% always large), such as in ultrasonic wave scattering. However, it should not affect the MSAS formulation for the MSANS and MSAXS studies of interest here, which are likely to be typical of materials applications.
By applying previous work (Synder & Scott, 1949; Bethe, 1953) to the case of small-angle scattering and by decomposing the single-particle small-angle cross section into a small-Q pseudo cross section and a high-Q Porod scattering term, Berk & HardmanRhyne (1988) have discussed interesting scaling relations between r c and ~ that result from the structure of the basic theory. They have shown that the persistence of Q-4 Porod scattering tails in the presence of MSAS, the lack of a true Gaussian MSAS profile and the prediction of a more complicated scaling relation between rc and :~ than the often assumed proportionality between r~ and ~1/2 [which originates from von Nardroff (1926) ] are all intimately related phenomena.
In the present case, a simplified form of the analysis, detailed by Berk & Hardman-Rhyne (1988) for very large ~, can be applied directly to globular scattering features with moderate oblate or prolate spheroidal aspect ratios. However, complications in the scaling relation between r~ and ~ arise for eccentrically shaped objects because the requirements for the crossover and limiting values of Q defining low-Q and high-Q behavior differ for different orientations of the spheroid with respect to Q. Rather than attempting to repeat and adapt the scaling arguments of the previous work (which led to a simplified empirical law between r~ and 2), we choose here simply to present results of the full analysis discussed in §2. Fig. 6 presents computational results for the variation in normalized r~, in reduced (QRo) units, versus v o at specified oblate and prolate fl values. Increasing v o can be interpreted as the result of either increasing 2 or increasing size, R 0. For the particular case plotted, it is assumed that lAp[ = 5.0 x 10 t4 m -2 (a typical value for neutron scattering), (p--0.1, ~:s= 1.0mm, Ro = 1.01am and 2 = 1.0 to 100A across the range; but any combination of these parameters giving both the same range in v o and also the same values of £, would produce identical curves at the same fl value. (Note that for X-rays IApl would be typically ten times greater and L ten times smaller.) Despite precautions taken in the computational algorithms, some oscillatory noise is seen in the plots for v o above 3 owing to a loss of precision in the numerical integrations required in the analysis when becomes large. As a result, the practical maximum Vo for use of the formulation in most MSANS or MSAXS studies is around 5.0. Fortunately, the region of experimental interest in most applications is given by q~ =0.1-0.9, R o =0.1-1 lam and, for MSANS, respectively. At the left-hand side of (a), these limits are approached for oblate spheroids. Part (b) does not extend to a low enough Vo for the limits to be reached for prolate spheroids but the figure is consistent with these predictions. L = 1-5 mm, IApl = (2-5) x 1014 m -z, 2 = 8-18 A,; while, for MSAXS, r~ = 50-100 lam, x 10 ~4 m -z, 2 = 1-2 ,~,. This makes the maximum v o encountered 4 for neutrons and <3 for X-rays. In principle, measurements are possible for Ro up to --~ 4 l.tm using neutrons or X-rays but this depends on the scattering contrast, the sample thickness, the volume fraction of scatterers and the wavelength and resolution of the neutron or X-ray instrument used. Fig. (6a) shows that, for given qg, L, Vo and Ro, oblate spheroids give significantly reduced MSAS broadening and r~ in reduced (QRo) units is least for the most oblate ft. Although Fig. 6(a) is useful for following the variation in F~ with 2 and fl when Ro is held fixed or (in reduced units) with Ro for given fl, care must be taken in inferring the values of R o required with different fl to account for a given measured r~ in experimental units. Just as, for given 2, tp, z.~, fl and IApl, the experimentally measured r~ (in A ) decreases for increasing R0 so, for given 2, ¢p, r,, v o and ]Ap], R o must be reduced to preserve the measured r~ in A-~ as the particle becomes more oblate. This is counter-intuitive when it is considered that a smaller R o implies a smaller single-particle cross section but it must be remembered that the smaller dimensions present (flRo) give more significant single-particle scattering in the high-Q tails (e.g. Q-2 scattering at intermediate Q for extreme oblateness) and that the smaller particle volume (4nflR3/3) implies that a larger number of scattering particles are present for given ~p. The other feature of note in Fig.  (6a) is the curvature in the variation of r~ with Vo for more oblate particles in the main experimental v o range of interest (central region of figure and slightly to the left). When this is considered as the variation in the measured broadening with 2 for a given sample, this upward curvature for v o < --~ 1 can be recognized as a hallmark or signature of a collapsed or semicollapsed oblate scattering morphology. Fig. 6(b) shows that in the prolate case there is markedly little effect on the MSAS broadening except for the most extreme prolate (needle-like) ft. This insensitivity to variation in prolate /3 values in the experimental range of most interest (again center of figure and slightly to the left) can be associated with three competing effects. The width of the singleparticle Guinier Gaussian is associated with the larger dimensions (flRo) and therefore decreases with increasing /3, while the increased particle volume (4rcflR3/3) with/3 > 1 implies fewer scattering particles for given q~. However, the larger particle volume also implies a larger single-particle scattering cross section. As Fig. 6(b) demonstrates, these effects virtually cancel out over an extended experimental range of interest for moderately prolate/3. Fig. 7 illustrates some of the points above by displaying re (in reduced units) as a function of for oblate and prolate aspect ratios. These curves are derived from the same assumptions as for Fig. 6 but in the diffraction limit of small v o and for given fl each curve should be invariant with respect to variation in 2 and Vo [see Berk & Hardman-Rhyne (1988) and compare the curve for spheres in Fig. 7 at ~ < 100 with Fig. 2 in the earlier paper] . Comparison of the MSAS broadening at a given :~ implies a conserved value of the product hal = ¢paz~/V~,. Fig. (7a) shows that, for given :~, the greater normalized broadening (r,. in reduced units) is given by more oblate spheroids (which have mean diameters less than 2R0), while Fig.  7(b) shows how more prolate spheroids (having mean diameters greater than 2Ro) give less broadening. At larger ,~, the curves in Fig. 7 , particularly Fig. 7(h [3=0.5 ANALYSIS OF SMALL-ANGLE SCATTERING DATA behavior is not manifested in Fig. 6 is in accordance with arguments put forward by Berk & HardmanRhyne (1988) concerning predictions, derived from the MSAS formulation for spheres, that strong multiple scattering tends to suppress the observability of nondiffractive single-particle scattering. Comparison of Figs. 6 and 7 demonstrates that these arguments apply in all essential elements to eccentrically shaped scattering particles. For given large ,~, the detailed results in the diffraction limit with modest oblate or prolate fl are consistent with the simplified empirical scaling law between r~ and ~ for :? >> 1, put forward in the earlier paper and applicable to spheres in the diffraction limit, provided that the sphere radius in the earlier formulation is replaced by the spheroidal sphere-equivalent radius, Rsphereequivalen t = R0 ~1/3. This underlines our earlier point that MSAS broadening is more sensitive to the orientational distribution of chord lengths through the centroids of the scattering particles than to the detailed shapes of the particles. To complete this discussion, Fig. 8 displays the variation in the scattering-particle or pore radius R o required to account for given observed MSAS broadening in a typical MSANS experiment. Two scenarios are considered" one almost totally confined to the diffraction limit for all values of fl, V0spher e = 0.2; the other extending more into the refraction regime for prolate spheroids, v o sphere = 1.0. :~ > 5 everywhere except for the extreme left-hand side of the upper curve, where it approaches unity. The clear indication that, in the diffraction limit, the MSAS broadening is not sensitive to prolate aspect ratios is of considerable importance for MSAS studies of early and intermediate-stage sintering in ceramics, or studies of other technological porous materials where the pore morphology can be assumed to consist of a disordered network of short capillary pores. It Aspect ratio, 13 means that use of the previously developed MSAS formulation assuming spherical scatterers will yield values of R 0 close to the mean pore radius of the capillary pores. The mean pore length can then be inferred from measurements of the Porod scattering of from TEM and other data (see e.g. Long, Krueger, Gerhardt & Page, 1991) . However, it is not valid to apply the earlier formulation for spheres to a 'collapsed' microstructure dominated by oblate or planar pores, nor possibly to some filamentary capillary systems. Fortunately, such scattering morphologies show a distinctive curvature in the variation of r c versus 2 and indeed require use of the new formulation to obtain good fits to this data. In this connection, it should I~e noted that the slope, curvature and position of the curves of rc versus 2 in 2.-r~ space depend on all the parameters discussed previously. It is simply not possible to fit a curve of arbitrary appearance everywhere. Measurements of the Porod scattering and other diagnostic data are also important for giving an unambiguous interpretation of the pore morphology and for reconciling particle shape and size with surface area and total volume fraction.
Application to sintering studies in ceramics
The new MSAS formulation has been applied to a sintering study of silica gels, the details of which are being published elsewhere (Kerch, Allen, Krueger, Long & Gerhardt, 1994) . These glassy ceramics comprise a useful model material for ceramic systems of controlled porosity (not necessarily high density). Such materials are of increasing importance in applications such as catalytic supports, sensors, transparent insulators, filters and membranes and for other industrial matrix materials for second phase filtration. In these systems, nondestructive characterization and understanding of the undisturbed microstructural evolution during sintering is a key requirement for microstructural control. The particular gel discussed here is a two-component system consisting of 10% sterically stabilized colloidal silica and 90% aqueous metal salt of potassium silicate (referred to as a 10:90 silica gel). Fig. 9 displays the results from a MSANS study of a series of 2 mm (nominal) thick 10:90 gel samples, prepared from the same 15% of theoretical density (TD) precursor monolith and sintered to progressively increasing densities. These measurements were carried out with the 8 m SANS instrument at the Cold Neutron Research Facility (CNRF) at the National Institute of Standards and Technology. The MSANS measurements utilized wavelengths in the range 8-18A, with 32/2=25% and rcbeam'~ 0.013/2. (2 in A) for the incident-beam profile. They were undertaken to determine the mean pore radius Ro as a function of the sintered density. Complementary single-scattering SANS measurements of the Porod Q-4 scattering at high Q were made to determine the pore surface area as a function of sintered density, and density measurements gave the total pore volume fraction.
As the density increases, the experimentally observed MSANS broadening is reduced and it is necessary to make the measurements at progressively longer wavelengths. The previous MSAS formulation assuming spherical scattering particles provides satisfactory fits to the lower density data, giving an almost constant value of Ro until beyond 72.9% TD (Ro =0.26 p.m, with a standard deviation on the results at four densities of 0.01 p.m). Electron microscopy suggests that the mean pore radius of short interconnected cylindrical or capillary pores is being measured. The reduction in MSANS broadening in this regime seems to be due entirely to the reduction in porosity as these pores close during sintering. Both electron microscopy and the Porod scattering surface measurements indicate the existence of coexisting smaller pores. Fig. 9 shows that a reversal of this trend in the MSANS broadening takes place between 72.9 and 83.1% TD. This increase in MSANS broadening cannot be accounted for by differences in sample thickness and is instead associated with changes in the pore morphology. The MSAS formulation assuming spheres drops to Ro = 0.15 lam and, if spherical scatterers continue to be assumed, Ro increases as the density increases until at 92.3% TD it approaches 0.5 p.m. Such dramatic pore coarsening would be surprising in late-stage viscous sintering. Although not shown here, it is also observed that the fits to the data assuming spherical scatterers progressively deteriorate as density increases.
From our discussion in §3 and given the experimental ranges of 2, v o and ~ probed, the slight upward curvatures in the data for 90.8 and 92.3% TD 10:90 silica gel suggest that a 'collapsed' pore morphology develops during late-stage sintering. Fits using the new MSAS formulation not only produce a better match to the r c data but also prove to be remarkably selective of the oblate spheroid aspect ratio ft. The fit results suggest that, between 72.9 and 83.1% TD, the sintering closes the open capillary pores and some of this pore volume becomes part of the population of smaller pores that now dominate the MSANS. This is also consistent with the Porod surface-area determinations, which show barely any decrease despite a drop in total porosity from 27.1 to 16.9%. For greater sintered densities, the pore radius Ro remains at 0.16 p.m, with a standard deviation on the results at the four higher densities of +0.01 p.m, while fl becomes progressively more oblate, falling to 0.5, then 0.33, and its true value is probably between 0.33 and 0.2 for 92.3% TD. Fig. 10 shows the improved fit achievable with fl = 0.33 at 92.3% TD. This picture of the residual porosity being sintered out by progressive squeezing of the remaining pore shapes into increasingly oblate spheroids, which retain their maximum diameter but are reduced in both thickness and volume, is confirmed by electron-microscopy studies of the late-stage sintered microstructure (Long, Krueger, Gerhardt & Page, 1991) .
No size distribution has been derived in the above analysis; it is in the statistical nature of multiple 90 Note that, while the upward curvature in the variation of rc with 2 for both the data and the fitted curve is as predicted in Fig. 6(a) , the abruptness in the change of slope for the fit is due in part to the finite intervals in Vo for which q(0 has been tabulated as a function of (. Therefore, in using the formulation, it is important to ensure reproducibility of the fit results by varying the initial parameters and conditions.
scattering that a mean is measured. It has been shown previously (Berk & Hardman-Rhyne, 1985) that this is the volume-weighted mean pore size. Some further comments concerning pore-size distributions are made in Appendix A. It is of interest to note that, whereas in single-scattering studies the SAS from a size distribution of spheroids of one /3 cannot be unambiguously distinguished from that owing to some other size distribution of spheroids with different /3, this is not necessarily true for MSAS, where prevailing oblate scattering particles or pores are distinguishable. In the most extreme case of truly plate-like objects, the equations of §2 can be simplified as outlined in Appendix B.
Concluding remarks
We have shown how the previous MSAS formulation for spherical scattering objects can be extended to treat spheroids of arbitrary aspect ratio ft. By variation of/3, it is possible to mimic the behavior of eccentrically shaped particles. The new formulation has demonstrated that experimental studies that utilize the formulation for spheres remain valid when the actual scattering morphology is dominated by globular or moderately prolate particle (or pore) shapes, including the case of a short cylindrical or capillary pore network. The new MSAS formulation has also shown that 'collapsed' oblate, scattering features (and extreme filamentary capillary features) produce a characteristic variation in the MSAS broadening with 2, which is not well fitted by the previous formulation. The new formulation can then be used to select the best mean oblate value of fl to model the microstructure.
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APPENDIX A
It was shown previously (Berk & Hardman-Rhyne, 1985) that, particularly in the diffraction limit at high ;~, the measured MSAS radius Ro, here denoted Ro msAs, represents a volume-weighted mean over any size distribution present. Usually, at least two other parameters are measured or known: (i) the total surface area of the scattering features per unit sample volume Sv, from SAS measurements of the Porod Q-4 scattering; (ii) the total volume fraction, q)TOTAL, of all the scatterers, from thermodynamic arguments or (in the case of pores) from density measurements. Whereas the MSAS data are usually associated with the larger scattering features in a sample, Sv is more sensitive to the smaller features. For a bimodal distribution of scatterers, this additional information is useful in determining the relative contributions from the different scattering populations. For a unimodular distribution, three determined parameters such as Ro MSAS, (PTOTAL and RPo OROD (defined below) are frequently sufficient to completely determine an assumed model size distribution of scattering features with a given scattering-particle shape. Therefore, if a generic size distribution can be assumed from other information, it is possible to nondestructively characterize its evolution during processing etc.
For 
The total number of scatterers per unit volume, n, can be determined using the relationship between n and tp, i.e. tp = 4nrcfl(R~)AVG/3, where (R3)AVG = (RPoOROD)6/(RoMSAS)3 ;
RA VG = ( RPoOROD)3/( R~SAS) 2.
Experimental verifications of (p, Ro msAs and R P°R°D are sufficient to determine (A2) and R kvG is the number-weighted mean value of Ro, which can be compared with similar mean values obtained by particle sizing in electron microscopy.
APPENDIX B
For fl << 1, i.e. a truly plate-or sheet-like scattering morphology, we can simplify the equations of §2 for a given orientation of the scattering particles by assuming them to be discs. By putting R o = R0, K(fl, X) = [1 -X2] 1/2 = cos (17) and X = sin (q), where X = sin(q), where q is the angle between the direction of Q and the plane of the disc, we can rewrite (2.16) as (B4) This is the well known diffraction-limit expression for discs (Guinier & Fournet, 1955) , which, in this form, does not give Porod Q-4 scattering at high Q but instead gives the characteristic Q-2 scattering for discs. The total cross section, amscs = rtR2A(vo), is given by 
Equations (2.9) and (2.10) are left unaltered, except that _Vp in 2 [(2.4)] is now given by 27rflR~ not by 4rcflR3/3. The oscillatory instabilities in the above expressions, near r/= ~z/2, suggest that preferred orientations of extremely eccentrically shaped scattering particles could greatly affect the observed MSAS.
In many cases, the small size of the scattering features implied by [3 << 1 may preclude MSAS studies but the above expressions will be of use for modeling the MSAS associated with certain modes of microcracking in ceramics and other brittle materials.
